The eigenvalue spectrum is studied for one-speed neutrons in a slab with forward and backward scattering. First, the transport equation describing the interaction of neutrons in a system with general geometry is given. Then, the scattering function in transport equation is chosen as the forward-backward-isotropic (FBI) scattering model. The resultant transport equation is solved using the Legendre polynomials expansion (PN method) and the Chebyshev polynomials of second kind expansion (UN method) in neutron angular flux. Then, the PN and UN moments of the equations are obtained using the properties of the Legendre and the Chebyshev polynomials of the second kind. Finally, the eigenvalues for various values of the collision and scattering parameters are calculated using different orders of the presented methods and they are given in the tables for comparison.
INTRODUCTION
The criticality problem of a multiplying system is among the important problems in calculations of the neutron transport theory. There are many studies in literature about the solution of one-speed neutron transport equation with isotropic and anisotropic scattering for bare or reflected slabs and spheres. The scattering reactions from material atoms strongly affect the distribution and the interaction of the neutrons and thus the continuity of the fission chain reaction in the reactor system. Therefore, in the solution of the problems of neutron transport theory, the scattering of neutrons through the media should be as detailed as possible.
The series expansion of the angular flux or scattering function is commonly used in the problems of transport theory. In these approximations, neutron angular flux is expanded in two parts; the spatial and angular parts. The angular part of it is represented by an orthogonal polynomial. Among the orthogonal polynomials, the Legendre polynomials are the most widely used ones in the angular part of the neutron angular flux. This technique is known as the PN method in literature. However, this does not indicate the validity of this method for all cases and problems. In some of the studies using P N approximation, it is reported to be a rather poor representation of the angular flux especially near material boundaries [1] . Therefore, the Chebyshev polynomials of first kind (T N method) have been tried instead of Legendre polynomials. Ultimately in case of anisotropic scattering and extrapolated end point calculations, it was observed that better results were obtained in using the Chebyshev polynomials rather than the Legendre polynomials [2] [3] [4] . In recent years, since these polynomials are in the same family, i.e. Jacobi polynomials, the second kind of Chebyshev polynomials approximation (UN method) was used in criticality and diffusion length calculations for isotropic and anisotropic scattering in vacuum and reflecting boundary conditions. From those studies, it was observed that compatible results have been obtained in all cases [5] [6] [7] [8] [9] . As it is well known, an analytic or a numerical method can be used for all kinds of problems in science without hesitation. Therefore, in order to see the sustainability of the U N method in different problems, it is still worth to use it in transport theory. In this study, eigenvalue spectrum for one-speed neutrons in a slab with forward, backward and isotropic scattering is studied using the present U N method. The researchers in all areas may be interested in the solution algorithm followed in this study to apply it to their problems and thus an alternative method can be added to the literature.
The scattering function in transport equation is very important since it describes the interaction types of the neutron with the material boundaries. It should be as comprehensive as possible to represent the neutron interactions with the materials inside the system. There are many scattering functions in literature used for the neutron scattering function in transport equations. Among them, the forward-backward-isotropic (FBI) scattering model is one of the commonly used models in problems of transport theory [10, 11] .
In the first part of the study, in order to compare the results obtained from the essential UN method, the Legendre polynomials expansion (P N method) is used for the solution of the eigenvalue problem with forward and backward scattering. This is done because the results obtained from the P N method are seen to be benchmark in many cases.
Then, in the second and the essential part of this study, the U N method, in which the angular part of the neutron flux is represented by the second kind of Chebyshev polynomials, is used for the solution of the same problem.
In both methods, after expanding the angular part of the neutron flux in terms of the Legendre and the second kind of Chebyshev polynomials respectively, P N and U N moments of the equations are obtained using the orthogonality and the recurrence relations of those polynomials precisely. Then, eigenvalue equations are derived by offering a general solution for the neutron flux. The numerical results for the eigenvalues are calculated and thus the eigenvalue spectrum is obtained for using various values of the scattering parameters; collision and the forward and backward scattering parameters.
Calculated numerical results obtained by both methods are listed in the tables side by side. It can be observed from the derivations of the equations and the tabulated results that the U N method is one of the most efficient methods among the polynomial expansion-based techniques with its rapid convergence and comparatively simple algebraic equations for the problems of transport theory.
THE METHODS
Many methods are developed for the solution of the neutron transport equation in literature. Some of them are stochastic and the others are deterministic. In this study, the approximation of the Chebyshev polynomials of second kind (UN method) is preferred since it is one of the most powerful methods among the polynomial expansion based techniques and it is hoped to be used in other problems of applied mathematics. In addition, the eigenvalue problem is derived using the spherical harmonics (P N method), i.e. a conventional, most commonly used and effective method for the solutions of the problems of transport theory. Therefore, the results obtained from both methods can easily be compared with each other.
Solution with P N Method
The conservative form of the time-independent stationary transport equation for one-speed neutrons can be given as [10] , ( , ) ( , )
While ′ Ω represents the unit vector along the neutron velocity before (and Ω after) a scattering collision, σ T represents the probability of all interactions of neutrons with materials; the total macroscopic cross-section. ψ(r, Ω) represents the neutron angular flux at position r and direction Ω. c is the secondary neutron numbers and ( ) f ′ ⋅ Ω Ω can be forwardbackward-isotropic (FBI) scattering model for the scattering function describing all kind of interaction of the neutrons with materials,
where α and β coefficients can be seen as the forward and backward scattering probabilities, respectively; 0 ≤ α, β ≤ 1, α + β ≤ 1 [11] .
First, the scattering function given in Eq. (2) is inserted in Eq. (1) and then the one-dimensional transport equation can be written as,
The neutrons are assumed to have same speed and thus the energy and the slab is assumed to be finite, homogeneous and having a thickness of 2a extending from x = − a to x = a. The free space boundary and symmetry conditions are assumed:
In P N method, the neutron angular flux in onedimensional case is expanded in terms of the Legendre polynomials,
The orthogonality and the recurrence relations of the Legendre polynomials are,
In the next solution process, Eq. (5) is inserted into Eq. (3). Then, the resultant equation is multiplied by P n (µ) and integrated over µ ∈ [−1, 1] by means of Eqs. (6) and (7).
Ultimately, P N moments of equations are obtained; 
This solution is inserted into Eq. (6) for obtaining the eigenvalue equations and thus the eigenvalues, 
where G− 1 (ν) = 0 and G 0 (ν) = 1. As the requirement of the method one can set G N+1 (ν) = 0 to obtain the discrete and the continuum ν eigenvalues using various values of c, α and β.
As an example for P 1 approximation, an expression for the eigenvalues can easily be derived from Eq. (10) 
Solution with U N Method
In some of recent studies, the following function is used as angular flux in transport equation and compatible results are reported to be obtained in various problems of neutron transport [5, 6] 
As in the derivation of the equations in P N method, prior to starting the applications, the orthogonality and recurrence relations of the Chebyshev polynomials of second kind are needed [12] ,
Indeed, the same procedure with the P N method is valid for the U N method. In order to obtain the U N moments of the angular flux Eq. 
n ≥ 1. The ansatz solution for neutron flux given in Eq. (9) is substituted into Eqs. (15). One can easily obtain the following system of algebraic equations for G n (ν):
By following the same procedure described in P N approximation, the discrete and continuumν eigenvalues are 
After computing the discrete eigenvalues, since all eigenvalues correspond to a linear independent eigenfunction, the linear combination of the eigenfunctions can be written as the n th Chebyshev moment of angular flux for odd numbers of N,
where λ k are the linear combination coefficients and they can be determined from the physical boundary conditions. The parity property of G n (−ν) = (−1) n G n (ν) is also used.
NUMERICAL RESULTS
The U N method which is one of the most powerful methods improved for the solution procedure of the transport equation is used for the solution of the eigenvalue problem for one-speed neutrons in a homogeneous slab with forward and backward scattering. Before starting to apply the U N method to the problem, in order to establish a benchmark list for the comparison of the results, first the conventional P N method is applied to the transport equation for the solution of the problem. The function given in Eq. (5) is used for the neutron angular flux in Eq. (3) in P N method. At the end of the operation of the conventional P N method to the transport equation, Eq. (10) is obtained for calculating the eigenvalues for various values of the scattering parameters. This operation has been done to illustrate the similarity of the methodology derived by both methods. This similarity is expected since the functions used in both methods have the same definition interval and they are in the same polynomial family.
Then, in the main part of this study, the function involving the Chebyshev polynomials of second kind given in Eq. (12) In Tab. 1, the eigenvalues for isotropic scattering are given. While the eigenvalues for forward scattering are given in Tab. 2, the eigenvalues for backward scattering are given in Tab. 3.
As can be followed from all tables, all eigenvalues are real when c < 1. These eigenvalues can be used for diffusion theory (diffusion coefficient or diffusion length) or calculation of scalar flux. On the other hand, imaginary eigenvalues are seen when c > 1 as expected. Since this situation corresponds to supercritical reactor, the eigenvalues for c > 1 are used in criticality problems. It is seen from tables 1 through 3, the numerical results for the eigenvalues obtained from both methods exhibit the same behaviour. Although it is not shown in the results in tables, one can easily understand that the tabulated eigenvalues are in pairs as they are felt in Eq. (11) and Eq. (17). In this study, the neutrons are assumed to be scattered isotropically in forward and backward directions in a homogeneous slab. Eq. (12) which is expanded in a series of the Chebyshev polynomials of second kind is used as the angular neutron flux in transport equation. The derived equations for the U N moments are solved for the eigenvalue spectrum of the neutrons. These eigenvalues can be extended for requested collision and scattering parameters and they can be used in many problems of transport theory such as the criticality calculations, diffusion theory or scalar flux calculations. The method used in this study has already been used in other studies and the applicability and validity of it were proven from the results [5] [6] [7] . In addition, the traditional PN method is also applied to the problem and the results obtained from this method are given in tables for comparison. From the tabulated results, one can easily realize that the U N method is an effective method for the transport equation and thus it can be used in other problems of science and engineering. In near future, this study can be extended to the cases with anisotropic scattering and reflecting boundary conditions.
